Abstract. In 1974, S.-S. Chern and J. Simons published a paper where they defined a new type of characteristic class -one that depends not just on the topology of a manifold but also on the geometry.
Introduction
cIn 1974, S.-S. Chern and J. Simons introduced a collection of secondary characteristic classes on a Riemannian manifold, M , which reflect some of the geometric structure of the manifold in addition to its topological structure. In particular, if M is a compact 3-manifold, the secondary characteristic class T P 1 (Ω) ∈ H 3 (M, R/Z) is invariant under a conformal change in the metric. So metrics with different Chern-Simons classes will have different conformal structures. However, it is still unclear in general which geometric properties of a Riemannian manifold are reflected in these classes.
The present work is a step in seeing what sort of geometric information can be determined by these classes. For a 3-manifold, the Ricci curvature flow deforms the metric of the manifold towards the standard geometries of Thurston's geometrization program. If it were true that the Chern-Simons class of 3-manifolds (specifically corresponding to the first Pontryagin form) were invariant under the Ricci flow, then perhaps these classes would reflect something of this geometric structure. See [5] for a detailed treatment on the different geometries.
However, it will be shown that this is not so in general. For a warped product of the form S 2 × f S 1 , the Chern-Simons class is invariant as this flows under the Ricci flow towards the geometry of the product S 2 × S 1 . However, for a generalized Berger sphere, which for generic choices would flow towards a spherical geometry, the Chern-Simons class is not invariant.
Let G be a Lie group with Lie algebra g. Let M n be a smooth n-dimensional manifold with E → M a principal G-bundle. Denote its connection and curvature forms by ω and Ω, respectively. Additionally, let θ 1 , θ 2 , . . . , θ n be an orthonormal coframe.
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Then
Definition 1. A polynomial of degree ℓ, P , is a symmetric and multilinear map P : g ℓ → R. The Lie group G acts on g by inner automorphism. If the polynomial is invariant under this action, then it is said to be an invariant polynomial. The set of invariant polynomials of degree ℓ is denoted I ℓ (G).
For G = Gl n (R), the first Pontryagin polynomial is denoted P 1 ∈ I 2 (G) and is defined by
The Chern-Simons form of P is defined to be
Since ϕ t is a 2-form, order is irrelevant. The form T P (ω) is a (2ℓ − 1)-form on E and Chern and Simons showed in [1, Prop. 3.2] that dT P (ω) = P (Ω).
Because of this, if P (Ω) = 0, then the form is closed and so defines a cohomology class in H 2ℓ−1 (E, R). Denote this class {T P (ω)}. Theorem 3.9 of [1] shows that if dim M = n and 2ℓ − 1 = n, then T P (ω) is closed and {T P (ω)} ∈ H n (E, R) depends on ω. In this paper, it will usually be the case that ℓ = 2 and so 2ℓ − 1 = 3 = dim M . Let ∼ represent the reduction of a cohomology class mod Z. Theorem 3.16 of [1] shows that there is a well-defined cohomology class T P (ω) ∈
The following result is proved in [1, Prop 3.8].
Proposition 1. Let ω(s) be a smooth 1-parameter family of connections on E → M
Given a 1-parameter family of metrics, g(t), on a Riemannian M n , defined on some interval I ⊂ R, Richard Hamilton , in [6, p. 259] , defined the Ricci flow equation as
Hamilton proved the following important theorem in corollaries 17.10 and 17.11 of [6] .
Theorem 2 (Hamilton, 1982) . Let M 3 , g 0 be a closed Riemannian 3-manifold with positive Ricci curvature. Then there exists a unique solution, g(t), of the normalized Ricci flow with g(0) = g 0 for all t ≥ 0. Furthermore, as t → ∞, the metrics g(t) converge exponentially fast in every C m -norm to a C ∞ metric g ∞ with constant positive sectional curvature.
An excellent, in-depth treatment of the Ricci flow is [3] .
Warped Products of Spheres
The simplest example of how the Chern-Simons classes are related to the Ricci flow is given by the round n-sphere. Proposition 3. Let M = S 2ℓ−1 with the standard metric and P ∈ I 2ℓ−1 (Gl n (R)) be any invariant polynomial. Then the Chern-Simons class,
is invariant under the Ricci flow.
Proof. The Ricci flow causes the sphere to shrink to a point in finite time. At every time, however, it is still a round sphere and so the Ricci flow is a conformal change in metric. Since the Chern-Simons classes are conformal invariants, they are therefore invariant under the Ricci flow.
The function f will be referred to as the warping function.
Let (M, g) be the warped product of S n with S m with m + n = 3 and using the standard round metrics. Let f : S n → R + be the warping function. Let
be the coordinates for S n and {θ i } m i=n+1 be the coordinates for S m . These are the standard spherical coordinates. For S 1 ,
Thus g is diagonal and Lemma 4. Given n + m = 3 and f :
For the first Pontryagin polynomial P 1 ∈ I 2 (Gl n (R)), the derivative of T P 1 (ω) is exact at time 0.
Proof. For n = 1, the Christoffel symbols are computed using the standard formula Γ
From there, the connection 1-forms are computed using the formula ω Based off of these computations along with the fact that Ω
The variational formulas for the Christoffel symbols under the Ricci flow are
Using (9) combined with the formula for Ω, the derivative of ω is of the forṁ
Since the curvature form Ω has zeroes along the diagonal, tr Ω = 0 and thus trω tr Ω = 0. The productω ∧ Ω has the following diagonal
and so tr (ω ∧ Ω) = 0. For n = 2, the same computations as above show that Ω is of the form
The derivative of the connection form iṡ
As in the case n = 1, computation shows that both trω tr Ω = 0 and tr (ω ∧ Ω) = 0. Therefore P 1 (ω ∧ Ω) = 0 and
This lemma combined with the fact that the Ricci flow preserves isometries yields the following theorem.
Theorem 5. If m + n = 3 and f : S n → R + , then for the manifold M = S n × f S m and the first Pontryagin polynomial P 1 ∈ I 2 (Gl 3 (R)) the cohomology class
Proof. Consider the projection π :
For each x ∈ S n , the fiber π −1 (x) is going to be an m-sphere with radius determined by f (x). Thus the fibers will be isometric to each other up to a factor determined by f . At any time t the, the fiber above a point x is going to have isometry group SO (m) with isotropy subgroup SO (m − 1). Thus the fiber will be isometric to a sphere of some radius determined by t and x ∈ S n . If n = 1, any metric on S 1 is clearly conformally equivalent to the round metric. For n = 2, the uniformization theorem says that any metric on S 2 is conformally equivalent to the round metric. Multiplying the metric by the conformal factor will yield a metric that is a warped product of S n with S m . By lemma 4 it follows that the derivative of the form T P 1 (ω(t)) at any time is exact. Thus the class T P 1 (ω) ∈ H 2l−1 (E(M ), R/Z) is invariant. Therefore the class T P 1 (ω) ∈ H 3 (M, R/Z) must also be invariant.
Generalized Berger Spheres
Consider the manifold S 3 identified with the Lie group SU (2). The identification is from the map that sends (x, y) ∈ S 3 ⊂ C 2 to y x −xȳ ∈ SU (2). The following is the basis for the Lie algebra su(2) of SU (2).
(10)
The basis X 1 , X 2 , X 3 forms an orthonormal basis on S 3 under the standard metric. The Lie bracket of these vector fields is [X i , X i+1 ] = 2X i+2 where the indices are taken mod 3.
Definition 4. Define a new metric on S
3 ,ḡ, such that λ
3 X 3 is an orthonormal basis where λ i are constants. For notation, letX i = λ
In this section i, j, k are fixed and distinct from one another, so the Einstein summation convention does not apply to these indices. Sums will use the letters p and q, which do follow the Einstein summation convention. The terms ω j i (t), Ω j i (t), R ij (t), andω j i (t) will represent the connection 1-forms, curvature 2-forms, Ricci curvature, and the derivative of connection 1-forms, respectively, at time t. Finally, ǫ ijk represents the sign of the permutation (ijk).
Consider the manifold M which is a generalized Berger sphere with basis and coframe as defined in definition 4 . Under the Ricci flow, g t will represent the metric at time t with g 0 = g. The frame, X 1 ,X 2 ,X 3 , and coframe, θ1 ,θ 2 ,θ 3 , are not being evolved with time and depend only on the initial parameters, λ i .
Using the Koszul formula, the connection can be computed to be
λiλj λ kX k and ∇X iX i = 0. The connection and curvature forms at time 0 are
(For details on these and the following computations, see Appendix A).
The Ricci curvature terms at time 0 are
The derivative of the connection forms can be computed directly.
At time 0, computation yields
Since Ω is skew-symmetric, the first Pontryagin polynomial reduces to
Thus the derivative at time 0 of T P 1 (ω) is − Proof. The derivative of T P 1 (ω) at time 0 is
If λ = 1, the Berger sphere is just a 3-sphere. It is already known that the Ricci flow conformally shrinks a 3-sphere to a point [2, Chapter 1.6] For any other value of λ, however, the Chern-Simons form changes by something that is not exact and therefore the Chern-Simons class {T P 1 (ω)} ∈ H 3 (E(M ), R) varies. Since the class varies continuously, its reduction mod Z must also vary and therefore T P (ω) ∈ H 3 (M, R/Z) must vary.
The derivative of the Chern-Simons form simplifies to (13) ∂ t T P 1 (ω) | t=0 = θ1 ∧θ 2 ∧θ 3 .
Theorem 7. For the Berger sphere generalized by three constants, the ChernSimons class T P 1 (ω) ∈ H 3 (M, R/Z) defined by the first Pontryagin polynomial form is invariant only if λ 1 = λ 2 = λ 3 .
Proof. If λ 1 = λ 2 = λ 3 , the generalized Berger sphere is just a 3-sphere of a different radius. This changes conformally and the Chern-Simons forms are conformal invariants. If exactly two of the constants are the same, then this the manifold is conformally equivalent to a Berger sphere, which was dealt with in corollary 6. Let g be the metric such that λ Let α = λ
